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Full projections and automorphisms of stable algebras of unital $\mathrm{C}^{*}$-algebras
– (Kazunori Kodaka)
$0$ .
$A$ unital C*- $\mathrm{K}$ countably infinite dimensional Hilbert space
compact operators C*- $Aut(A\otimes \mathrm{K})$
$\alpha\in Aut(A)$ $\alpha\otimes id$
$w$ $A\otimes \mathrm{K}$ multiplier $M(A\otimes \mathrm{K})$ unitary $Ad(w)$
$x\in A\otimes \mathrm{K}$ $Ad(w)=wxw^{*}$ Ad(w)(
$A\otimes \mathrm{K}$ generalized inner automorphism )
automorphism
C*
automorphism C*-
1. $\theta\in[0,1]$ $A_{\theta}$ $\theta$ C*
(1) \theta 2 \beta \in Aut(A\theta \otimes K) $\beta=Ad(w)0$
$\alpha\otimes id$
$0$
$\alpha\in Aut(A_{\theta}),$ $w\in M(A_{\theta}\otimes \mathrm{K})$ unitary
(2) \theta 2 $Ad(w)0\alpha\otimes id$ \beta $\in$
$Aut(A_{\theta}\otimes K)$
2. $n$ 2 $O_{n}$ $n$ Cuntz
(1) $n=2,3$ \beta \in Aut(On\otimes K) $\beta=Ad(w)0\alpha\otimes id$
$\alpha\in Aut(On),$ $w\in M(o_{n}\otimes \mathrm{K})$ unitary
(2) $n$ $Ad(w)0\alpha\otimes id$ \beta \in Aut(On\otimes
K)
$A$ automorphism $A\otimes \mathrm{K}$ projection
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bijection
1
Int$(A)$ $A$ inner automorphisms Int $(A\otimes \mathrm{K})$ $A\otimes \mathrm{K}$
generalized inner automorphisms o Out$(A)=Aut(A)/$
$Int(A),$ $out(A\otimes \mathrm{K})=Aut(A\otimes \mathrm{K})/Int(A\otimes \mathrm{K})$
Lemma 1.1. $o_{ut}(A)$ Out $(A\otimes \mathrm{K})$ \Psi $\Psi([\alpha])=$ [\alpha \otimes i
\Psi injective $[\alpha]$ automorphism \alpha
Lemma 1.1 Out $(A)$ Out $(A\otimes \mathrm{K})$
Out $(A\otimes \mathrm{K})$ $[\beta_{1}],$ $[\beta_{2}]\in Out(A\otimes \mathrm{K})$
$1$ ] $\sim[\beta_{2}]$ $\Leftrightarrow$ $\exists\alpha\in Aut(A)$ $s.t$ . . $[\beta_{1}.]=_{1\beta_{2}]}[\alpha\otimes\cdot id]$
$[[\beta]]$ $\mathrm{P}=Out(A\otimes \mathrm{K})/\sim$
$K_{0}(A)$ $K_{0}(A\otimes \mathrm{K})$ – $Aut(K0(A))$ $Aut(K_{0(\otimes \mathrm{K}}A))$
$Aut(A)$ $Aut(K0(A))$ $T_{A}$ \alpha \in Aut(A)
$\tau_{A(\alpha).=}\alpha_{*}$ $T_{A\otimes \mathrm{K}}$ $rangeT_{A}$ ,
$rangeT_{A}\otimes\kappa$ $\tau_{A},$ $\tau_{A\otimes\kappa}$ $rangeT_{A}$ $rangeT_{A}\otimes \mathrm{K}$
Proposition 1.2. $o_{ut}(A)$ Out $(A\otimes \mathrm{K})$ $rangeT_{A}$
$rangeT_{A}\otimes \mathrm{K}$ $A$ cancellation $A$
purely infinite simple unital $C^{*}$-algebra
$A\otimes K$ full projection $P$ $p(A\otimes \mathrm{K})p\cong A$
$FP$ projection $P$ full $(A\otimes \mathrm{K})p(A\otimes \mathrm{K})$
$A\otimes \mathrm{K}$ dense $FP$ $q\in FP$
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$p\sim q$ $\Leftrightarrow$ $\exists z\in A\otimes K$ $s.t$ . $z^{*}z=p$ , $zz^{*}=q$
$(p)$ $P$
2 FP/\sim $\mathrm{P}$ map
$p\in FP$ $p(A\otimes \mathrm{K})p\cong A$ . $\chi_{p}\text{ }A$ $p(A\otimes K)p$
isomorphism Brown $P$
$\exists z\in M(A\otimes K\otimes \mathrm{K})$ $s.t$ . $p\otimes 1=z^{*}Z$ , $1\otimes 1\otimes 1=zz*$
$\psi$ $\mathrm{K}\otimes \mathrm{K}$ $K$ isomorphism $K_{0}$ identity $\beta(p, x_{p})$
$\beta(p, \chi_{p})=id\otimes\psi \mathrm{o}Ad(Z)0\chi_{p}\otimes id$
$\beta(p, \chi_{p})\in Aut(A\otimes \mathrm{K})$
Lemma 2.1. (1) $[\beta(p, x_{p})]\in out(A\otimes \mathrm{K})$ $\psi,$ $z$
(2) $[[\beta(P, x_{P})]]\in \mathrm{p}$ $\chi_{P}$
Lemma 2.1 $[[\beta(p)x_{p})]]$ $\chi_{p}$ $\beta(p, \chi_{p})$
$\text{ }\beta_{p}$ $FP/\sim$ $\mathrm{P}$ $\mathcal{F}$ $P\in FP$
$\mathcal{F}((p))=[[\beta_{P}]]$
Lemma 2.2. $\mathcal{F}$ well-defined
3 . $\mathrm{P}$ FP/\sim map
$\{e_{ij}\}$ $K$ matrix units $\circ 1\otimes e_{0}0\in FP$ \beta $\in$
$Aut(A\otimes K)$ $\beta(1\otimes e00)\in FP$ $\mathrm{P}$ FP/\sim $J$
\beta $\in Aut(A\otimes K)$ $J([[\beta]])=(\beta(1\otimes e00))$
$J$ well-defined
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Lemma 3.1. $J$ injective $\circ$
Lemma Lemma
Lemma 3.2. $\beta\in Aut(A\otimes \mathrm{K})$ $(\beta(1\otimes e00))=(1\otimes e_{0}\mathrm{o})$
$\exists\alpha\in Aut(A)$ , $\exists w\in M(A$
.
$\otimes \mathrm{K})$ aunitary. $s.t$ . $\beta=Ad(w)0\alpha\otimes id$
Lemma 3.1 . $\beta_{1},\beta_{2}\in Aut(A\otimes \mathrm{K}),$ $J([[\beta 1]])=J([[\beta_{2}1])$
$(\beta_{1}(1\otimes e00))=(\beta 2(1\otimes e_{00}))$ . $((\beta_{2}^{-1}0\beta 1)(1\otimes e00))=(1\otimes e_{00})$ .
Lemma 3.2
$\exists\alpha\in Aut(A)$ $\exists w\in M(A\otimes \mathrm{K})$ aunitary
$s.t$ . $\beta_{2}^{-1}0\beta_{1}=Ad(w)0\alpha\otimes id$
$[[\beta_{1}]]=[[\beta_{2}]]$ . ( )
Lemma 3.3. $p\in FP$ $(J\mathrm{o}\mathcal{F})((p))=(p)$
Lemma Lemma
Lemma 3.4. $n\in \mathrm{N}$ $\exists v\in \mathrm{K}$ aparhal isometry
$s.t$ . $v^{*}v= \sum_{j=-n}^{n}ejj$ , $vv^{*}= \sum_{j=-n}^{n}\psi(ejj\otimes e_{00})$
veijv* $=\psi(e_{ij}\otimes e_{00})$ $i,j=-n,$ $\ldots,$ $0,$ $\ldots,$ $n$
Lemma 3.3 . $\mathcal{F}$ $(J\mathrm{o}\mathcal{F})((P))=J([[\beta p]])$ .
$\beta_{p}=id\otimes\psi \mathrm{o}Ad(Z)0\chi_{p}\otimes id$
90
$\beta_{p}(1\otimes e_{00})=(id.\otimes\psi \mathrm{o}Ad(z)0\chi_{p}\otimes id)(1\otimes e_{00})$
$=(id\otimes\psi_{0}Ad(Z))(p\otimes e00)$
$=(id\otimes\psi)(_{Z(\otimes 00}pe)_{\mathcal{Z}^{*}})$
$id\otimes\psi$ $M(A\otimes K\otimes \mathrm{K})$ $M(A\otimes \mathrm{K})$ isomorphism
$\beta_{p}(1\otimes e00)=(id\otimes\psi)(_{Z)(d\otimes^{\psi)}}i(p\otimes e00)(id\otimes\psi)(Z)*$
$\bigcup_{n=1n}^{\infty}M(A)$ $\mathrm{K}$ dense
$\exists n\in \mathrm{N}$ $s.t$ . $p\in M_{2n+1}(A)$
$p= \sum_{i,j-n}^{n}=a_{ij}\otimes e_{ij}$
$\text{ }$
$(id \otimes\psi)(p\otimes e00)=\sum_{-}i,j=na_{i}j\otimes\psi(eij^{\otimes}e00)$
Lemma 3.4 $\exists v\in K$ apartial isometry
$s.t$ . $v^{*}v= \sum_{j=-n}^{n}ejj$ , $vv^{*}= \sum_{j=-n}^{n}\psi(ejj\otimes e_{00})$
$ve_{ij}v^{*}=^{\psi()}e_{ij}\otimes e00$ . $i,j=-n,$ $\ldots,$ $0,$ $\ldots,n$
$(1 \otimes v)p(1\otimes v)^{*}=\sum aij\otimes\psi(i,j=-\text{ }e_{i}j\otimes e_{00})=(id\otimes\psi)(p\otimes e_{0}\mathrm{o})$
$\beta_{p}(1\otimes e_{00})=(id\otimes\psi)(z)(1\otimes v)p(1\otimes v)^{*}(id\otimes\psi)(Z)^{*}$
$[p(1\otimes v)^{*}(id\otimes\psi)(z)*][p(1\otimes v)^{*}(id\otimes\psi)(z)^{*}]*=p$
$(\beta_{p}(1\otimes e00))=(p)$ . ( )
Lemma 3.1 Lemma 3.3
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Theorem 3.5. $J:Parrow FP/\sim \text{ }$ bijection $\mathcal{F}$ $J$
Theorem 3.5
Corollary 3.6. 2
(1) $\exists\beta\in Aut(A\otimes K)s.t$ . $[\beta]\not\in Out(A\otimes K)$ ,
(2) $\exists p\in A\otimes K$ afull projection $s.t$.
$p(A\otimes K)p\cong A,$ $\cdot(p)\neq(1\otimes e_{00})\backslash$
Corollary 3.7. $A$ cancellation purely infinite simple
unital $C^{*}$-algebra 2
(1) $\exists\beta\in Aut(A\otimes \mathrm{K})s.t$ . $\beta_{*}\neq\alpha_{*}$ on $K_{0}(A)\forall\alpha\in Aut(A)$ ,
(2) $\exists p\in A\otimes K$ afull projection $s.t$.
$p(A\otimes K)p\cong A$ , $[p]=[1\otimes e_{00}]$ in $K_{0}(A\otimes K)$
4
(1) $\theta$ 2 $A_{\theta}$ $\mathrm{C}^{*}$- $A_{\theta}$ cancella-
tion $ra.ngeT_{A_{\theta}}=\{1\}$ $FP/\sim$ group $\circ p(A_{\theta}\otimes K)P\cong$
$A_{\theta}$ full projection $p$ \tau A\theta trace $M_{n}(A_{\theta})$
$\tau(p)=a+b\theta$ Rieffel
$\mathrm{c}+d\theta$
$a,$ $b$ – $=\theta$ $a+b\theta>0$ $a,$ $b$
$a+b\theta$
$FP/\sim\cong \mathrm{Z}$
Out $(A\otimes K)/Out(A)\cong \mathrm{Z}$ .
(2) $\theta$
$uv=e^{2\pi\theta}vu$ , $wv=vw$ , $uw=vwu$
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unitaries $u.’ v,$ $w$ - universal $\mathrm{C}^{*}$-algebra
$H_{\theta}$ $H_{\theta}$ class 2 Heisenberg $\mathrm{C}^{*}$-algebra o Packer
$H_{\theta}$
$p(H_{\theta}\otimes K)p\cong H\theta$ , $[p]\neq[1\otimes e00]$ in $K_{0}(H_{\theta}\otimes \mathrm{K})$
projection $p\in H_{\theta}\otimes \mathrm{K}$ $H_{\theta}$ cancel-
lation
$\exists\beta\in Aut(H\theta\otimes K)$ $s.t$ . $\beta_{*}\neq\alpha_{*}$ on $K_{0}(H_{\theta})\forall\alpha\in Aut(H_{\theta})$
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